We generalize the recently proposed quantum model for the stock market by Zhang and Huang to make it consistent with the discrete nature of the stock price. In this formalism, the price of the stock and its trend satisfy the generalized uncertainty relation and the corresponding generalized Hamiltonian contains an additional term proportional to the fourth power of the trend. We study a driven infinite quantum well where information as the external field periodically fluctuates and show that the presence of the minimal trading value of stocks results in a positive shift in the characteristic frequencies of the quantum system. The connection between the information frequency and the transition probabilities is discussed finally.
Introduction
Econophysics as an interdisciplinary research field was started in mid 1990s by physicists who are interested to apply theories and models originally developed in physics for solving the complex problems appeared in economics, specially in financial markets [1] . Because of the stochastic nature of the financial markets, the majority of tools for market analysis such as stochastic processes and nonlinear dynamics have their roots in statistical physics. Besides statistical physics, other branches of physics and mathematics have a major role in the development of econophysics. The sophisticated tools developed in quantum mechanics such as perturbation theory, path integral (Feynman-Kac) methods, random matrix and the spin-glass theories are shown to be useful for option pricing and portfolio optimization.
Among theoretical physics, quantum field theory has a special role to reveal the intricacies of nature from quantum electrodynamics to critical phenomena. For instance, it can be used to model portfolios as a financial field and describes the change of financial markets via path integrals and differential manifolds [2, 3] .
The application of quantum mechanics to financial markets has attracted much attention in recent years to model the finance behavior with the laws of quantum mechanics and it is becoming now a rather established fact [4] [5] [6] [7] [8] [9] [10] . For instance, Schaden, contrary to stochastic descriptions, used the quantum theory to model secondary financial markets to show the importance of trading in determining the value of an asset [11] . He considered securities and cash held by investors as the wave function to construct the Hilbert space of the stock market. Another useful application of quantum theory to trading strategies is quantum game theory which is the generalization of classical game theory to the quantum domain [12, 13] . This theory is primarily based on quantum cryptography and contains superimposed initial wave functions, quantum entanglement of initial wave functions, and superposition of strategies in addition to its classical counterpart.
At this point, it is worth explaining why quantum mechanics is essential to study the behavior of the stock market. Classical mechanics which is described by Newton's law of motion is deterministic in the sense that it exactly predicts the position of a particle at each instant of time. This is similar to the evolution of a stock price with zero volatility (σ = 0) that results in a deterministic evolution of the stock price. However, in the context of quantum mechanics, the evolution of the position of the particle has a probabilistic interpretation which is similar to the evolution of a stock price with a non-zero volatility (σ = 0) [3] . Note that there is a close connection between the Black-Scholes-Merton (BSM) equation [14, 15] and the Schrödinger equation: The position of a quantum particle is a random variable in quantum mechanics, and similarly, the price of a security is a random variable in finance. Also, the Schrödinger equation admits a complex wave function, whereas the BSM equation is a real partial differential equation which can be considered as the Schrödinger equation for imaginary time. Haven showed that BSM equation is a special case of the Schrödinger equation where markets are assumed to be efficient [16] . Indeed, various mathematical structures of quantum theory such as probability theory, state space, operators, Hamiltonians, commutation relations, path integrals, quantized fields, fermions and bosons have natural and useful applications in finance. In the language of Schaden, "The evolution into a superposition of financial states and their measurement by transaction is my understanding of quantum finance" [17] .
Recently, Zhang and Huang have proposed a new quantum financial model in econophysics and defined wave functions and operators of the stock market to construct the Schrödinger equation for studying the dynamics of the stock price [18] . They solved the corresponding partial differential equation of a given Hamiltonian to find a quantitative description for the volatility of the Chinese stock market.
In their formalism, the wave function ψ(℘, t) is considered as the price distribution, where ℘ denotes the stock price and t is the time. There, the stock price is approximately considered as a continuousvariable. However, the stock price is actually a discrete variable and admits a non-zero minimal price length (∆℘) min = 0 which depends on the stock market's local currency. In this paper, we incorporate the fact of discrete nature of the stock price with the quantum description of the stock market. We show that the uncertainty relation between the price and its trend and the form of the Hamiltonian should be modified to make the quantum formulation consistent with discrete property of the stock price. Note that, Bagarello has also tried to present quantum financial models which describe quantities which assume discrete values [6] [7] [8] [9] [10] . However, Bagarello's approach is mainly based on the Heisenberg approach rather than on the Schrödinger equation.
The Quantum Model
Before applying quantum theory to finance we need to identify the macro-scale and micro-scale objects of the stock market. Since the stock index is based on the share prices of many representative stocks, it is meaningful to consider the stock index as a macro system and take every stock as micro-scale object [18] . Note that each stock is always traded at a certain price which shows the particle behavior.
Also, the stock price always fluctuates in the market which is the wave property. Therefore, because of this wave-particle duality, we can consider the micro-scale stock as a quantum system. Now we can construct the quantum model for the stock market based on the postulates of quantum mechanics.
First, we introduce the wave function ψ(℘ 0 , t) as the vector in the Hilbert space which describes the state of the quantum system. More precisely, ψ(℘ 0 , t) is the state vector |ψ, t in price representation i.e. ψ(℘ 0 , t) ≡ ℘ 0 |ψ, t . Also, we take the modulus square of the wave function as the price distribution and demand that the superposition principle of quantum mechanics also holds
where |φ n is the possible orthonormal basis states of the stock system and c n = φ n |ψ . Therefore, the state of the stock price before trading should be a superposition of its various possible states with different prices so-called a "wave packet". We can consider a trading process, buy or sell at some price, as a physical observation or measurement. So the trading process projects the state of the stock to one of the possible states with a definite price where |c n | 2 denotes its probability. In other words, we can interpret |ψ(℘ 0 , t)| 2 as the probability density of the stock price versus time, namely,
which shows the probability of the stock price between a and b at time t.
At this point, we introduce the Hermitian operators correspond to the financial observables in the Hamiltonian which results in the following Schrödinger equation
where the Hamiltonian is a function of price, trend, and time and generates the temporal evolution of the quantum system.
The trade of a stock can be considered as the basic process that measures its momentary price.
This measurement can only be performed by changing the owner of the stock which represents the Copenhagen interpretation of a quantum system [11] . Therefore, a measurement may change the outcome of subsequent measurements so that it cannot be described by ordinary probability theory. Indeed, we can never simultaneously know both the ownership of a stock and its price. The stock price can only be determined at the time of sale when it is between traders. Moreover, the owners decide to sell or buy the stock at higher or lower prices that determines the trend of the stock price. So, in the quantum domain, the stock price and stock trend operators satisfy the following uncertainty relation
where T 0 = −i∂/∂℘ 0 . However, as we show in the next section, this relation should be modified when we take into account the discrete nature of the stock price.
The Generalized Uncertainty Principle
According to the above uncertainty relation, in principle, we can separately measure the price and the trend with arbitrary precision. However, since the price is a discrete variable there is a genuine lower bound on the uncertainty of its measurement. Thus, the ordinary uncertainty principle should be modified to so-called generalized uncertainty principle (GUP). Here we consider a GUP which results in a minimum price uncertainty
where β 0 and ζ are positive constants which depend on the expectation value of the price and the trend operators. In ordinary quantum mechanics ∆℘ can be made arbitrarily small as ∆T grows correspondingly. However, this is no longer the case if the above relation holds. For instance, if ∆℘ decreases and ∆T increases, the new term β 0 (∆T ) 2 will eventually grow faster than the left-hand side and ∆℘ cannot be made arbitrarily small. Now the boundary of the allowed region in ∆℘∆T plane is given by
which yields the following minimal price uncertainty (∆℘) min = (1 + ζ)β 0 .
The above uncertainty relation can be obtained from the deformed commutation relation
Because of the extra term β 0 T 2 , this relation cannot be satisfied by the ordinary price and trend operators since they obey the canonical commutation relation [℘ 0 , T 0 ] = i. However, we can write them in terms of ordinary operators as
It is easy to check that using this definition, Eq. (8) is satisfied to first-order of GUP parameter i.e.
where ℘ and T are given by Eqs. (9) and (10) . Note that since [℘, T ] = i, we cannot further consider the generalized trend operator T as the derivative with respect to price 2 . Now using Eqs. (5, 8) and
So using Eq. (7) the absolutely smallest uncertainty in price is
when the expectation value of the trend operator (or ζ) vanishes, namely T = 0 = ζ. We can interpret (∆℘) min as the minimal price length and indicates that we cannot measure the price of a stock with
uncertainty less than (∆℘) min which agrees with discrete nature of the stock price. It is worth mentioning that, the generalized uncertainty relation also appears in the context of quantum gravity where there is a minimal observable length proportional to the Planck length [19] [20] [21] [22] [23] . In the string theory one can interpret this length as the length of strings.
Since ℘ and T do not exactly satisfy Eq. (8), our approach is essentially perturbative. Obviously, this procedure affects all Hamiltonians in quantum financial models. To proceed further, let us consider the following Hamiltonian:
which using Eq. (9) can be written as
where H 0 = T In most Chinese stock markets there is a price limit rule: the rate of return in a trading day compared with the previous day's closing price cannot be more than ±10%. So the stock price fluctuates between the price limits or in a one-dimensional infinite well (particle in a box). The size of the box is d 0 =℘×20%
where℘ is the previous day's closing price. Now if we use a transformation of coordinate ℘ ′ = ℘ 0 −℘, the infinite square well will be symmetric with width d and we can define the absolute return as r = ℘ ′ /℘. So the rate of the return is the new coordinate variable and the well's width becomes d = 20%. Now we can write the GUP corrected Hamiltonian inside the well in the absence of external factors approximately asĤ = − 1 2m
where m = m 0 /℘ 2 , β = β 0 /℘ 2 , and it is valid to first-order of GUP parameter (14) . This Hamiltonian has exact eigenvalues and eigenfunctions [22] 
where n = 1, 2, 3, . . .. To write the total Hamiltonian we need to add the potential which describes the effects of information on the stock price. The market information usually results either in the increase of the stock price or in the decrease of the stock price. Here, similar to Ref. [18] , we consider a periodical idealized model which represents the two types of information. This form of potential also appears for a charged particle moving in an electromagnetic field with the difference that the information play the role of the external fields. So up to the dipole approximation we can write the GUP corrected Hamiltonian of this coupled system asĤ = − 1 2m
where ω is the frequency of information and λ denotes the amplitude of the information field. The first two terms of the above equation represent the GUP corrected kinetic energy of the stock return and the last term corresponds to the potential energy due to presence of information in the stock market. Note that, the choice of the Hamiltonian in (18) is not the only one and we can replace cos(ωt) with sin(ωt), as well as with some other periodic functions.
To find the temporal evolution of the wave function in price-representation, we need to solve the following Schrödinger equation
∂r 4 + λ r cos ωt ψ(r, t).
To solve this equation, we can use the perturbative procedure that is also used in Ref. [9] in connection with stock markets. Since the exact solutions for λ = 0 is presented in Eqs. (16) and (17), we can expand the solutions in terms of these state vectors [24] ψ(r, t) = n c n (t)e −iEnt φ n (r),
where
By repeatedly substituting this expression back into right hand side, we obtain an iterative solution
where, for instance, c 
If we take the initial wave function as the ground state of unperturbed Hamiltonian (a cosine distribution to simulate the state of stock price in equilibrium) i.e. ψ(r, 0) = r|1 = 2 d cos πr d , we have c n (0) = δ 1n which results in [9] c (1)
where n|r|1 = − 8nd (n 2 − 1) 2 π 2 for n even and n|r|1 = 0 for n odd. By evaluating the time integral we get c (1)
for n even and c n (t) = 0 for n odd. As this equation shows, at the characteristic frequency ω n = E n −E 1 we observe a large transition probability from ground state to (n − 1)th excited state, namely
where ω 0 n = π 2 2md 2 (n 2 − 1) are the characteristic frequencies at the continuous limit. In the Chinese stock market the average stock price is approximately 10 Yuan and (∆℘) min = 0.01 Yuan. To find m we need to calculate the mean daily volatility from annual volatility given by 
for large n. Since ω n > 4 × 10 −3 s −1 if a single cycle of information fluctuation is larger than 25 minutes there is no large transition probability to other states and the probability density of the rate of stock return approximately maintains its shape over time (see Fig. 2 of Ref. [18] for ω = 10 −4 s −1 ).
Note that, in quantum gravity, it is usually assumed that the minimal length is of the order of the Planck length ℓ P l ∼ 10 −35 m. However, the existence of this infinitesimal length is not yet confirmed by the experiment. On the other hand, in quantum finance the minimal trading value is not too small which makes essentially detectable effects. In other words, the application of GUP in quantum description of finance is more meaningful than in quantum physics.
Conclusions
We have studied the effects of the discreteness of the stock price on the quantum models for the stock markets. In this formalism, the minimum trading value of every stock is not zero and the stock price and its trend satisfy the generalized uncertainty relation. This modifies all Hamiltonians of the stock markets and adds a term proportional to the fourth power of the trend to the Hamiltonians. For the quantum model proposed by Zhang and Huang where there is a price limit rule and the information has a periodic fluctuation, we obtained the characteristic frequencies of the quantum system. If the frequency of information fluctuation coincides with ω n we have a large transition probability to (n − 1)th excited state. We also showed that the discrete nature of the stock price results in a positive frequency dependent shift in characteristic frequencies where for the Chinese stock market we have ω n > 4 × 10 −3 s −1 .
